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Abstract--Three computer graphics are presented which have been inspired by the geometric theory of 
spiral phyUotaxis. The theory and its background are discussed, with special mention of Coxeter's paper 
on the subject. One of the graphics illustrates a planar corollary to helical phyllotaxis which the artist 
finds in Coxeter's presentation a d suggests that we might best make sense of the helical pattern i  plants 
through the idea of a compressible plane lattice. 
"Phyllotaxis" literally means leaf-arrangement, but the patterns in plants that we study under that 
label may be formed equally well by any repetitive parts, such as florets, fruits, branches, petals and 
thorns, which bud and grow from a stem. Aided partly by the laws of physics, partly by evolved 
genetic instruction and partly by its own cybernetic intelligence, a plant optimizes its form in order 
to maximize its use of space, light and air. The plant must find an equitable organization as a 
solution to its space-filling task. 
The most obvious patterns in plants are the point-symmetries, frequently found in the petal 
arrangements of flowers, as in the threefold iris, or the fivefold apple blossom. These patterns 
provide suitable arrangements for small numbers of like parts (petals) generated simultaneously at
a growth point [1]. By contrast, spiral phyllotaxis occurs whenever like parts of a plant bud from 
a common stem sequentially in time, and may accommodate any number of parts. 
Well-known examples of spiral phyllotaxis include pine cones and pineapples, the florets of 
composite flowers such as sunflowers or daisies, the leaves of a thistle or foxglove, the petals of a 
rose or lotus, the branching of a pear tree or cauliflower and many others. The great geometer of 
nature, Johannes Kepler seems to have been the first to notice that all of these spiral patterns hare 
a curious law: the spirals occur only in Fibonacci numbers, 
I, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144 . . . . .  
So, for example, the fruit segments of a typical pineapple will be found to form two opposing 
sets of spirals, with 5 in one set and 8 in the other. In the case of pinecones the numbers may be 
3 by 5. The florets on the head of a daisy or sunflower exhibit opposing spiral sets of 13 by 21, 
21 by 34, 34 by 55, and even higher Fibonacci numbers. The branching of a pear sapling in spiral 
succession about the main stem shows a strong tendency to complete 3revolutions every 5 branches, 
or 5 revolutions in 8 branches. 
How can we explain this law of Fibonacci numbers in plant spirals? 
For more than two centuries ever-increasing numbers of botanists and mathematicians have 
puzzled over this law [2] without much progress, until Coxeter [3] succeeded in relating the arith- 
metical pattern to a geometrical property. To begin with, the Fibonacci numbers reveal the presence 
of the golden ratio, 
t = 1.618034 . . . .  
because 5/3, 8/5, 13/8, and so on, form the sequence of closest commensurable approximations of
this incommensurable proportion. The golden ratio of two lengths is defined as 
giving 
and, therefore, 
large to small = sum to large 
t : l  =( t  + 1):t 
t2=t+l .  
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Fig. la. The golden section of a circle. Fig. 1 b. Successive additions of the golden angle. 
The Greeks discovered that the golden ratio is present in the regular pentagon as the proportion 
of lengths in diagonal to side, and in the regular decagon as radius to side. 
There is an extensive literature on the golden ratio testifying to its many properties in art and 
science, some of it reliable but much of it--alas--has passed unchallenged into a fairly widespread 
folklore riddled with superstition and error. Huntley [4] provides perhaps the best popular 
introduction. 
So far as we know, the Greeks never considered a golden ratio of angular measure. This we can 
do in the following manner. Divide the circumference of a circle into two arcs bearing agolden ratio 
of lengths. The two arcs so made subtend angles of 
222.492... deg = 2n/t rad 
and 
137.507... deg = 2zt/t 2 rad. 
Let either of these angles be called the golden angle. It makes no matter which, since an anticlockwise 
turn of one is equivalent to a clockwise turn of the other. A Fibonacci pattern of spiral phyllotaxis 
arises if the spiral or helical sequence of buddings on a stem occur at intervals of the golden angle. 
Coxeter's explanation of the geometric properties of this arrangement involves the theory of 
principal convergents and continued fractions. It is therefore an essay in number theory, whose 
purpose is to show that the golden ratio is the only irrational to satisfy Tait's condition: having its 
sequence of convergents strictly alternating between above and below their irrational limit. 
Coxeter's discussion introduces and illustrates Klein's geometric model of numbers--as 
directions through an infinite plane square lattice from any given lattice point as origin. Any number 
n is represented by a line whose gradient is n. Rationals uch as 3/5 will be represented by lines 
which meet the next lattice point after travelling a distance of 3 by 5 squares. Irrationals are 
represented by lines through the lattice which never again cross another lattice point. 
It follows that Coxeter is demonstrating (inhis argument about a cylindrical lattice) the existence 
of a corollary condition to helical phyllotaxis n an infinite plane square lattice, namely the existence 
Fig. 2. The golden direction in an infinite plane square lattice. 
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Fig. 3. The golden direction of an infinite square lattice. 
of a golden direction in an infinite square lattice. The golden direction makes an angle to the initial 
lattice directions of arctan (t): 
arctan (t) = 58.2825... deg. 
Only in the golden direction can a square lattice be continuously stretched or compressed without 
deviating far from regular hexagon or square packing or spacing. See the illustration of this (Fig. 3), 
here presented with Voronoi polygons--which enclose all points of the plane nearest o a given 
lattice point. 
It is perhaps easier to imagine the connection between this property of a golden direction in an 
infinite plane square lattice and the spatial needs of plants. A plant form consisting of a sequence 
of like parts at staggered stages of their individual growths must grow as a whole, flexing its 
arrangement of parts while continuing to be spatially equitable. In this requirement, it is an 
important fact that the parts of plants do not grow uniformly [5]. A plant form is a staggered 
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Fig. 4. Sunflower. (Disc phyllotaxis of logistic growths.) Fig. 5. Dandelion. (Spherical phyllotaxis of equal fruits.) 
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sequence of sigmoidal growths and it is this which finally presses the need for the degree of flexibility 
which golden ratio phyllotaxis best provides. 
For example, the several hundred florets on a daisy head are neither equal in size nor do they 
form an exponential sequence, but form a sequence of sizes from centre (youngest) o periphery 
(oldest) somewhere between these two extremes--we are, of course, ignoring the naturally occurring 
broken regularities. This shows up in the smooth changing from one dominant pair of Fibonacci 
numbers to another as you count spirals at increasing distances from the centre. 
As well as Klein's diagram, Coxeter presents the phyllotaxis diagram of the Bravais brothers, and 
shows it to be another geometric representation f numbers, namely as locations on a cylinder. 
Cylindrical latitude = value and cylindrical longitude = fractional part of the value. Multiples of 
any rational number form lines on the cylinder: multiples of any irrational form helices. In 
particular, multiples of t form the helix of spiral phyllotaxis. Its salient property is that continuous 
compression or stretching in the direction of the cylinder provides acontinuously changing pattern 
of packing or spacing on the stem which is never far from either of the regular solutions of square 
or hexagon. 
By a process of gentle distortion a cylinder may be turned into a cone, a cone into a disc and a 
disc into a sphere, thus transferring the argument to each of these forms. Using computer graphics 
[6] we can explore idealizations of spiral phyllotaxis n each of these forms with surprisingly simple 
algorithms for such subtle and demonstrable r sults. 
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